ABSTRACT. In this paper, determination of the accurate notch stress intensity factors (NSIFs) have been demonstrated using a recently proposed technique: The point substitution displacement technique (PSDT) for the sharp Vnotched configurations. In this technique, certain optimal point(s) on the notch flanks are obtained where the displacements are found to be highly accurate. Using the PSDT, the NSIFs are determined from the finite element (FE) displacements at these optimal point(s). The NSIFs of two pure mode I and two mixed mode (I/II) examples have been determined and excellent agreement of the present results with the published results is observed. The PSDT is efficient, robust and easy to be implemented in the available FE code.
INTRODUCTION
harp V-notches are frequently encountered in many engineering applications and structures. Due to the presence of these notches, a very high local stresses and stress gradient is observed close to the notch tip. The presence of notch drastically decreases the load-bearing capacity of the component and may cause damage to structures subjected to both static and variable loads. Therefore, a very accurate assessment of the strength of the singularity is desired near the notch tip. Williams [1] investigated plane V-notched configurations. In linear elastic fracture mechanics (LEFM), notch stress intensity factors (NSIFs) are widely used to characterize the singular stress field in the vicinity of the notch tip. The singularity stress field in the vicinity of the notch tip can be stated in the form of here K is the notch stress intensity factor, r is the radial distance from the notch tip,   1 is the order of stress singularity and    ij f are the angular stress components [1] . Due to the widespread use of the NSIFs in brittle [2] [3] [4] [5] [6] [7] and fatigue [8, 9] fracture criteria, many efforts have been put forward to develop various post-processing techniques [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] to calculate NSIFs. Gross and Mendelson [10] and Carpenter [11] determined NSIFs of sharp V-notches using the boundary collocation method. Chen [12] proposed a body force method to evaluate the NSIFs for problems under tensile and in-plane bending loadings. Noda et al. [13] also used body force method to calculate the NSIFs. Ju and Chung [14] and Liu et al. [15] used S the least-squares method for determining the NSIFs using the stresses obtained from finite element method (FEM). As these least-squares methods [14, 15] use the stress field, they require either very fine meshes at the notch tip or higher order Williams coefficients to attain the accurate NSIFs. Triefi et al. [16] developed a strain energy method to determine the mixed mode NSIFs of sharp V-notches. In another research, Lazzarin et al. [17] proposed a strain energy density technique for the rapid evaluation of NSIFs. Many researchers used fractral-like finite element method [18] [19] [20] and extended finite element method [21, 22] to calculate the NSIFs. Other researchers employed various path independent integrals [23] [24] [25] [26] to estimate the NSIFs of sharp V-notches. Apart from these methods, Ayatollahi and Nejati [27] determined the NSIFs along with the higher order terms of Williams coefficients using an overdeterministic method utilizing FE displacements. Recently, Hussain and Murthy [28, 29] developed a collocation technique and a point substitute displacement technique (PSDT) to obtain the mixed mode (I/II) NSIFs using the FE displacements along the notch flank. In their method [29] , certain optimal point(s) of the notch tip element along the notch flanks have been identified by minimizing the error in displacements, and interestingly, the displacements and its slope are found to be more accurate at those points. The PSDT utilizes the displacements on the notch flanks at these optimal point(s) to calculate NSIFs accurately. This method is efficient, simple and straightforward to be implemented in the available FE code and can be employed to find the NSIFs using manual calculations. It is worth noting here that, unlike the availability of well-known quarter point elements [30, 31] in the crack problems, no such popular singular elements are currently available for use in the sharp V-notched configurations. Consequently, any post-processing techniques for the determination of the NSIFs should be capable enough to determine the accurate NSIFs yet using the conventional elements at the notch tip and concurrently it should be simple enough to implement in the existing code. The main thrust of the present work is to demonstrate further the efficacy of the above technique, PSDT proposed by Hussain and Murthy [29] in terms accurate estimation of the NSIFs of the specimens having straight and curved boundaries under mode I and mixed mode (I/II) loading conditions.
THEORETICAL BACKGROUND
short description of the formulations for PSDT is presented in this section. However, for more details, one may refer to Ref. [29] . For a homogeneous elastic 2D problems containing sharp V-notch (in Fig. (1) ), the displacement field at any nearby point    , P r under any arbitrary in-plane loading can be given as [14]  
where n A and n B are Williams' coefficients corresponding to n -th term for mode I and mode II, respectively,   
where 0 A and 0 B are Williams' coefficients corresponding to the rigid body translation and 2 B is Williams' coefficient corresponding to the rigid body rotations. Mode I and mode II NSIFs can be defined as [10]  
Considering only the singular terms and constant displacement terms, the displacement field at any nearby point    , P r under any arbitrary in-plane loading can be given as [14] 
where 1 A and 1 B are Williams coefficients for the singular terms for mode I and mode II, respectively. It can be shown that the notch opening displacement (NOD) can be written as [29] 
Similarly, the notch sliding displacement (NSD) can be obtained as [29] B can be calculated from the NSD (Eqn. (9)) under all loading conditions (pure mode I, pure mode II and mixed mode (I/II)). Assuming the isoparametric quadratic quadrilateral elements are deployed at the notch tip, the FE displacement along notch flank nodes 1-2-4 ( Fig. (2) ) can be written with r being the distance from the notch tip as
where the constants A and B are constants and can be obtained from the FE displacements using the following 
NUMERICAL EXAMPLES
his section presents a numerical examination of the PSDT for the evaluation of the NSIFs under mode I and mixed mode (I/II) loading conditions. The FE analysis is carried out in ANSYS ® [32] . Throughout the domain conventional eight noded quadratic elements are used and no singular elements are utilized at the notch tip. At the notch tip, they are collapsed to form a spider web pattern. is considered for the single edged notch plates and the notch length to radius ratio  0.5 a R is considered for the Brazilian disc. It is assumed that all the specimens are under plane stress condition. Consistent units are employed in all the examples. The thickness of all the specimens is considered as unity.
T Example 1: Mode I Problems
The first set of examples considered are single edge notched plate under uniform tension (SENT) and single edge notched plate under in-plane bending (SENB) as pure mode I examples (as shown in Fig. (3) ). The geometrical parameters considered for the SENT and SENB are as follows:  1.0 w and  1.2 h as shown in Fig. (3) . The uniform tensile loading  (=1.0) and a bending loading 
.2 /
h w (=7.2) are considered for the SENT and SENB specimens, respectively (Fig.  (3a) and 3(b) ). The notch angles   0°, 15°, 30°, 45°, 60°, 75°, 90, 105° and 120° are considered for validating the present method. Young's modulus  1 E and Poisson's ratio   0.25 are considered. One-half (shaded portion in Fig. (3a) and Fig. (3b) ) of the geometries is modeled due to the symmetry with appropriate boundary conditions. The typical mesh with 211 number of elements (NE) and 702 number of nodes (NN) used for both the specimens is shown in Fig. (3c) . The notch tip element to notch length ratio is considered as  0.025 N L a for both the specimens.
The optimum points  
obtained using Eq. (14) are found to be centered around 0.79 for all the notch angles in the present examples (for a detailed description, one may refer to Ref. [29] ). It has been observed that  FE v at the optimal points opt r obtained using Eqn. (14) are very accurate. The mode I NSIFs calculated at the respective optimal points and are listed in Tab. (1) and Tab. (2) for the SENT and SENB specimens, respectively. It can be observed that the NSIFs calculated from the present technique are in excellent agreement with the available results (% relative error is less than 1% with respect to Chen [12] results). Due to the implementation of the NOD, very accurate values of NSIFs can be attained with coarse meshes.
Example 2: Mixed Mode Example of an Angled Single Edge Notched Plate under Uniform Tension (ASENT)
The 
Example 3: Mixed Mode Example of a Sharp V-notched Brazilian Disc (SV-BD)
A The mode I and mode II NSIFs are also calculated in a similar way to that of the ASENT specimen. Tab. (4) lists the results of mode I and mode II NSIFs obtained using the PSDT. For comparison, the numerical and experimental results of Ayatollahi and Nejati [34] are also presented in Tab. (4) and it has been noticed that the present results are in good agreement with the published results. Thus, the results in all the examples indicate that the PSDT is simple and robust. The FE displacements at the optimal points are more accurate than the other points on the notch tip element. The PSDT can provide very good results with coarse mesh even with convention elements at the notch tip. 
CONCLUSIONS
n this paper, the efficacy of an FE based NSIF extraction technique: the point substitution displacement technique (PSDT) has been demonstrated by determining the NSIFs of various configurations under mode I and mixed mode (I/II) loading conditions. The NSIFs are determined from the FE notch flank displacements at the optimum point(s) in the notch tip elements. The efficacy of the present method is examined with two mode I and two mixed mode (I/II) problems. The results obtained using the present method is validated with the available results. The results show that the PSDT is simple, robust and easy to be implemented in the available FE code. Further, accurate values of mode I and II NSIFs can be obtained using coarse meshes. 
